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============

Consider enumeration operators. These are functions *E* mapping Cantor space $\documentclass[12pt]{minimal}
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                \begin{document}$$A\in 2^\omega $$\end{document}$ is the input to *E* and the finite set $\documentclass[12pt]{minimal}
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                \begin{document}$$D_i$$\end{document}$ is a subset of *A*, then *j* must lie in *E*(*A*). (Here $\documentclass[12pt]{minimal}
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                \begin{document}$$i=\sum _{n\in D_i}2^n$$\end{document}$, as in \[[@CR13], Defn. II.2.4\].) Thus $\documentclass[12pt]{minimal}
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                \begin{document}$$ E(A)= \{ j : (\exists i)~[(D_i,j)\in \mathcal {E}~ \& ~D_i\subseteq A \} $$\end{document}$, and so *E*(*A*) may be enumerated effectively using any enumeration (computable or not) of *A*.

There is a natural analogy to Turing operators *T*, which allow one to decide membership of numbers in *T*(*A*) when given a decision procedure (effective or not) for *A*. Enumeration operators use only positive information about *A*, and produce only positive information about *E*(*A*); whereas Turing operators use and produce both positive and negative information. Turing operators have been the focus of more intense study by computability theorists, but enumeration operators need make no apology for their presence. Indeed, the fundamental operator used by Kurt Gödel for his Incompleteness Theorems is an enumeration operator: the *deducibility operator D*, which (using a fixed Gödel coding of first-order formulas in a fixed signature) lists the elements of the set *D*(*A*) of code numbers of those formulas provable from the formulas with code numbers in *A*. Thus *A* is viewed as an axiom set, and *D*(*A*) is the set of consequences of *A*.

Here we focus not on *D*, but rather on two other enumeration operators. In Sect. [2](#Sec2){ref-type="sec"}, we will examine the *Hilbert's-Tenth-Problem operator* $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {HTP}}$$\end{document}$, as defined in \[[@CR3]\] and \[[@CR11]\]. The results there will continue a program connecting the properties of Hilbert's Tenth Problem for the field $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {Q}$$\end{document}$ itself with the corresponding properties for subrings of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {Q}$$\end{document}$. Then, in Sect. [3](#Sec3){ref-type="sec"}, we will consider the *root operator* for algebraic fields, finding it to have some very pleasing properties, but also noting that it is not a true enumeration operator, according to the definition above. Our final section raises and describes the open question of whether an enumeration operator, strictly as defined above, can realize the properties that make the root operator distinctive. We view this question as being of sufficient interest that posing it, rather than proving the results in Sects. [2](#Sec2){ref-type="sec"} and [3](#Sec3){ref-type="sec"}, may be the most consequential act of this article.

A set *B* is *e--reducible* to *A* if $\documentclass[12pt]{minimal}
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                \begin{document}$$B=E(A)$$\end{document}$ for some enumeration operator *E*. Therefore it is largely trivial to compare *A* and *E*(*A*), or their jumps, under *e*-reducibility; the more interesting comparisons involve Turing reducibility. Much of this article concerns the property of *essential lowness*, which we now define.

Definition 1 {#FPar1}
------------

An enumeration operator *E* is *essentially low for Lebesgue measure* if$$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mu ( \{ A\subseteq \omega : (E(A))' \le _T A' \} ) = 1.$$\end{document}$$Likewise *E* is *essentially low for Baire category* if this same set $\documentclass[12pt]{minimal}
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                \begin{document}$$ \{ A\subseteq \omega : (E(A))' \le _T A' \} $$\end{document}$ is comeager, in the sense of Baire.

Thus essential lowness says that, for almost all inputs *A*, the output *E*(*A*) is low relative to *A*. It is important to specify the context of "almost all," as an operator can be essentially low for Baire category without being so for Lebesgue measure, or vice versa. This definition can apply equally well to Turing operators.

We use standard notation from \[[@CR13]\]. For an introduction to computable fields, \[[@CR5]\] and \[[@CR7]\] are both helpful.

Hilbert's Tenth Problem on Subrings of $\documentclass[12pt]{minimal}
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                \begin{document}$$2^{\mathbb {P}}$$\end{document}$ has the usual Cantor topology, then this bijection is a computable homeomorphism of topological spaces, in the sense of \[[@CR10]\]. Fix a computable list $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar2}
---------
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Proof {#FPar3}
-----
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For the forwards direction, recall that $\documentclass[12pt]{minimal}
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Theorem 2 {#FPar4}
---------
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Proof {#FPar5}
-----
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Algebraic Fields and the Root Operator {#Sec3}
======================================
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With this background, we can proceed to consider the root operator $\documentclass[12pt]{minimal}
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Theorem 3 {#FPar6}
---------
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Proof {#FPar7}
-----
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Theorem 4 {#FPar8}
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Proof {#FPar9}
-----
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The situation for Lebesgue measure is similar but not quite as nice. It remains true that *W* is almost always low relative to all presentations of the field with index *W*: in particular, this holds outside a set of measure 0. However, no single uniform procedure can establish this for all *W* outside a set of measure 0. Instead, we must argue up to sets of arbitrarily small measure. (Notice that in Baire category, there is no natural analogue of "up to arbitrarily small measure": the only divisions are meager-or-not and comeager-or-not. It is fortunate that we had a uniform procedure there!)

Theorem 5 {#FPar10}
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Proof {#FPar11}
-----
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Non-coding Enumeration Operators {#Sec4}
================================
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In brief, one can accomplish the same goals achieved by $\documentclass[12pt]{minimal}
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Proof {#FPar13}
-----
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Nevertheless, Lemma [1](#FPar12){ref-type="sec"} was stated this way for a reason: it introduces the notion of a non-coding operator.

Definition 2 {#FPar14}
------------

An enumeration operator *E* is *non-coding for Lebesgue measure* if, for every noncomputable $\documentclass[12pt]{minimal}
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Thus this is the same idea we noted above for $\documentclass[12pt]{minimal}
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Question 1 {#FPar15}
----------
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We point out the following operator. Let *R*, *S* be two noncomputable c.e. sets that form a minimal pair (as in \[[@CR13], §IX.1\], e.g.), and define the enumeration operator *E* by the union of the following c.e. sets of enumeration axioms:$$\documentclass[12pt]{minimal}
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A significant part of the difficulty in answering Question [1](#FPar15){ref-type="sec"} is that enumeration operators *E* must enumerate the same set *E*(*A*) for all enumerations of the set *A*. This precludes the use of many of the techniques employed in studying the theory of the c.e. degrees, such as the Friedberg-Muchnik method, or the strategy for the Sacks Density Theorem. The latter, for example, starts with two c.e. sets $\documentclass[12pt]{minimal}
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Our last proposition illustrates the importance of Question [1](#FPar15){ref-type="sec"}.

Proposition 1 {#FPar16}
-------------

Suppose that the answer to the strong form of Question [1](#FPar15){ref-type="sec"} is negative for Baire category. (That is, assume that for all non-coding enumeration operators *E*, $\documentclass[12pt]{minimal}
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Proof {#FPar17}
-----
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